The set of all nilpotent Ide algebra multiplications on a fixed vector space of dimension n over a field k forms an affine variety N,. Isomorphism classes of these Lie algebras are orbits in I%, under the "change of basis" action of GL(n, k). By examining the orbit structure of N, for small n, we hope to gain a new perspective on the classification of nilpotent Lie algebras. In this paper, we determine completely the orbit structure of the variety N, when n 6 5 and k = C. We also show that the homomorphic image of a nilpotent Lie algebra is in the closure of the orbit of that Lie algebra (taking the direct product with an abelian Lie algebra to make the dimension right).
Some of the orbit structure of N, for n < 6 and other geometric properties of N, were described by Vergne in [Vl, V2, V3] . Recently, Carles has used Vergne's results to study the variety of all Lie algebras [Cl.
Our motivation for studying the classification of nilpotent Lie algebras is to gain information about the classification of nilpotent groups (the correspondence between nilpotent Lie algebras and nilpotent groups is described in [GO] ).
PRELIMINARIES
Let V be a vector space of dimension n over a field k. Two alternating bilinear maps from Vx V to V (i.e., elements of Hom(n'V, V)) may be considered equivalent if one can be obtained from the other via a change of basis for V. Specifically, Hom(n2V, V) is a representation of GL(n, k) via the action
The orbits under this action of GL(n, k) are the equivalence classes. Here we consider the GL(n, k)-stable subvariety N, of Hom(n2V, V) consisting of nilpotent Lie algebras. The orbits in N, under the action of GL(n, k) are the isomorphism classes of nilpotent Lie algebras of dimension n.
In the following, we will refer to an alternating bilinear map 2 in Hom(n'V, V) as a "Lie algebra" if it defines a Lie algebra multiplication on V. If W is a subspace of V which is an ideal for a Lie algebra 2, then p=i Iw is a Lie algebra on W and we denote the quotient Lie algebra by VP.
We can embed the variety N, in affine n3-space as follows. A Lie algebra i, is determined by its values on a basis {e,, . . . . e, > for V: i(ei, ei)= i cqkek. k=l Thus 2. corresponds to the point (c,,) in afline n3-space. The set of conditions for i = (c@) to be a nilpotent Lie algebra are polynomials in the coordinates (c,) , so N, is a closed subset of affine n'-space.
Following the language of [K], we define a nilpotent Lie algebra p to be a degeneration of a nilpotent Lie algebra i, if ,u is in the closure of the orbit of ;t. The concept of "degeneration " is closely related to that of "deformation" (see [Gel) , but unfortunately the order is reversed: "A degenerates to $' corresponds to "p deforms to 1."
DEGENERATIONS OF NILPOTENT LIE ALGEBRAS OF DIMENSION LESS THAN SIX
An example of a degeneration establishes the following proposition: PROWSITION 1.1. Every nilpotent Lie algebra degenerates to an abelian Lie algebra.
ProoJ: Let p = (c,,) be a nilpotent Lie algebra of dimension n. Let P(t) be the diagonal matrix in GL(n, k) all of whose entries are t -I. Then (P(t) .
pNei, ej) = P(fMtei, fej)) = k$, t2cgk P(t) ek = i tciikek, k-l so P(t). ,u = (tcqk). Then the abelian Lie algebra (0) is in the closure of {P(~).I}),.~*;
i.e., lim, ,0 P(t).p=(O).
The degeneration in the above proof is given by the one-parameter subgroup P(t). When a degeneration from 3. to p is given be a one-parameter subgroup, there is a nice relationship between 1. and p, presented in Theorem 1.2. This is the analog in our setting of a theorem of Kraft for modules over an algebra [K, 11.4 .3-J.
DEFINITION.
A filtration on a Lie algebra V is a nested sequence of subspaces such that [Vi, V,] E Vi+i. For each filtration on V, there is an associated graded Lie algebra W defined as follows. Let W= OIE z V,/V, + I and for x E V,s, y E V,, define
The condition that [x, y] E V,s +, whenever x E V,Y and y E V, ensures that [ , ] is well defined.
In the following theorem we show that whenever Jim,-,, P(t). ;1 exists, the one-parameter subgroup P(t) induces a filtration on i,, and the resulting associated graded Lie algebra is lim, _ 0 P(t) . i.. THEOREM 1.2. If p is u degeneration of i. via a one-parameter subgroup P(t), then p is the associated graded Lie algebra given by the filtration on i. induced by P(t). Conversely, if p is the associated graded Lie algebra given by some filtration on I, then p is a degeneration of i via a one-parameter subgroup.
Proof. Let {e,, . . . . e,} be a basis of eigenvectors for P(t) and let (ciik) be the structure constants for the Lie algebra i. relative to this basis. Then (P(t) . i)(e;, ej) = i p-m,
where tms is the eigenvalue of e,. Because lim, _ 0 P(t) .E, exists, cijk = 0 whenever mk < m, + mj. Furthermore,
where S= {k 1 mk=mi+mj}.
Let U, = {t' E V I P(t) .v = t'v} and let V, = Oiaj lJj. From the paragraph above, we have: if x E U, and y E U, then i(x, y) E V,y + f. It follows that for x E V,s and y E V,, 3,(x, y) E V,y + , . So the sequence *..v ,IV ,3v*2v,...
is a filtration and we can construct the associated graded Lie algebra w= Ojci: qlvj + 1. For any two of the eigenvectors e,, e,(e, E U,,,,, ej E Urn,) we have
So the associated graded Lie algebra is isomorphic to lim, _ 0 P(t) + 2. If p is the associated graded Lie algebra given by a filtration . . . V 2 1 V ,z VO 2 V, ... on i, choose a basis (c?,~>:/=, for Vi/Vi+ 1. Let P(t) be the one-parameter subgroup with eigenvectors {eij} where the eigenvalue of eij is ti. From the proof of the first part of the theorem we see that ,D = lim, _ ,, P(t) . 2.
We suspect that not all degenerations of nilpotent Lie algebras can be obtained via one-parameter subgroups. However, in low dimensions (less than or equal to 5) this is the case. Most of this paper is devoted to establishing the following theorem: THEOREM 1.3. AN the degenerations of nilpotent Lie algebras of dimension less then or equal to 5 are shown in Fig. 1 . Each degeneration can be realized via a one-parameter subgroup.
The vertices in the graphs of Fig. 1 are the isomorphism classes (i.e., the orbits in N,) and the directed edges are degenerations. We were surprised to discover that a product of Lie algebras can degenerate to a Lie algebra which is not a product.
In her thesis [Vl] , Vergne classified the nilpotent Lie algebras of dimension less than seven over an algebraically closed field. The classification of the nilpotent Lie algebras of dimension 5 is listed in Table I Table I . Table I : in dimension 4, g:, g, x gi, and (gi )"; in dimension 3, g.l and (sl)'; in dimensions 1 and 2, only abelian Lie algebras.
For nilpotent Lie algebras of dimension four or less, it easy to determine the degenerations and to extablish that every degeneration can be obtained via a one-parameter subgroup. The following theorems are the tools we need to determine the degenerations of nilpotent Lie algebras of dimension five.
The following theorem was established in Vergne's thesis [Vl, 11.41. {Ci3.}i and (C,A}, are the upper and lower central series of %, respectively. In the following, let k = C. For an affine variety V defined over k, we denote the Zariski closure of subsets of V by cl and closure in the standard topology by cl*. LEMMA 1.6. Zf H is an algebraic group over @ which acts algebraicially on an affine variety V over @, then for every v in V
Proof
By the closed orbit lemma [Bl, p. 981 , the orbit H.v is a constructable set. The lemma then follows from [M, p. 1141 . 
Let WE V be an abelian subalgebra of 1" of dimension z = ab(i.). Choose g in GL(n, C) such that I' = g. ;1 E A,. By Lemma 1.5, B. 3,' is contained in A;. Since A, is closed, it follows that cl(B .A') is contained in A;. Then by Lemma 1.6, p is in G . A,. Therefore, ah(p) > ab(3,). THEOREM 1.9. For the nilpotent Lie algebras of dimension 5, the invariants dim C', dim Ci, and ab are as listed in Table II .
In her thesis [Vl, Chap. 41, Vergne lists dim C' and dim C,. dim C'g, dim C,g, and ah(g)
We will compute ab(g:); the invariant ab for the other Lie algebras can be established by a similar proof. The multiplication table of 92, is [e,, 4 =e,; Ce2, 4 = e,;
Ce2, e31 = e5.
The subalgebra spanned by ( e3, e4, e,} is abelian, so ab(gZJ 2 3. The Lie algebra g: is not abelian, so ab(gi) is either 3 or 4. Suppose the latter and let W be a 4-dimensional abelian subalgebra. Because e5 is in the center of !-& we may assume e5 is in W. Then W has a basis {u,}4= i with ri = c,"=, aoej for 1 6 i < 3 and vq = e5. If a,, = azl = ajl = 0, then W is the span of {ei}:,2. But this is impossible because e, and e3 do not commute. Thus we may assume that a,, = 1 and a2, = ax, = 0. If az4 = a34 = 0, then e2 and e3 are in the subspace spanned by {a*, v,}, a contradiction. So we may assume az4 = 1 and a,4 = a34 =O. Because [v,, u2 ] =O, we have a,, =O. Because [vi, u3] = 0 we have a32 = 0 and a12a33 = 0. So we may assume that u,=e,, v2=e4, v3=e3, and v4 = e5. But e, and e4 do not commute, so we have a contradiction. Therefore ab( g:) = 3.
Proof of Theorem 1.3. For n < 5, the Lie algebra degenerations are easy to determine. Since they also follow from the dimension 5 degenerations, we will establish only the dimension 5 degenerations. Table III establishes that each degeneration shown in the dimension 5 part of Fig. 1 can be realized via a one-parameter subgroup. In each case the one-parameter subgroup is diagonal with entries (t'l, ti2, . . . . tis) where the exponents i, , . . . . i, are specified in Table III . In some cases the degenerated Lie algebra is not as listed in Table I but the isomorphism is TABLE III   Degeneration   Eigenvalue  exponents  Degeneration Eigenvalue exponents cl-g: (2, 3, 5, 7, 9) g:-+II:XRI
(1, 1,2,3.4) $7: + 53: (1, 3,4,5 7) 9:-+9:x$-h (1, 1, 2, 3. 5) 9: + 9:
(1, 3. 4, 6, 7) 9: -t 9: x (91 I2
(1. L&&2) 9:-e:
(1. 1, 3, 3,4) 9:-'R:xkh)2
(1, l,O, 2, 1) g:+g:xt% ( easy to establish. For example, for the degeneration of gi to gi x g r, we will have the following multiplication table after taking the limit:
Ce ,,e,l=e,; Cf3,e31=es.
But this is clearly isomorphic to the Lie algebra gi x gr listed in Table I . It remains to estblish that there are no degenerations other than those shown. By consulting Table II and using Theorems 1.4 and 1.7, we see that no other degenerations are possible.
APPLICATIONS
An immediate consequence of Proposition 1.1 is that there are no invariants for nilpotent Lie algebras given by polynomials. A polynomial on N, which is constant on orbits has the property that every fibre contains the abelian Lie algebra, so the polynomial is constant.
The following application of Theorem 1.2 describes a relationship between degenerations and homomorphisms. The first part of (*) establishes that V/W@ u' is a direct sum of Lie algebras. It is clear from the definition of 5 that V/W is a Lie subalgebra of 5 whose multiplication is A/,u. From (*) we have that for w,~ E V, and W, E V,, [GS, W,] = 0 when S, t > 1. Therefore u' is an abelian Lie subalgebra of <.
